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Hopf Galois extensions

Let L/K be a finite field extension, H a finite cocommutative K-Hopf alge-
bra. We shall say that L/K is H-Galois if there exists a K-algebra morphism
µ : H → EndK(L) such that

µ(h)(xy) =
∑
µ(h1)(x) · µ(h2)(y), for ∆(h) =

∑
h1 ⊗ h2

µ(h)(1) = ε(h) · 1,

for h ∈ H, x, y ∈ L and the K-linear map

µ̂ : L⊗H → EndK(L), µ̂(x⊗ h)(y) = xµ(h)(y), h ∈ H, x, y ∈ L,

is an isomorphism.

We shall call (H,µ) a Hopf Galois structure on L/K.

L/K is a Hopf Galois extension if it has at least one Hopf Galois structure.



Formulation in group terms (Greither-Pareigis)

For a finite separable extension L/K of degree n, we denote by

✞

✝

G

L̃

L

K

G′

n

L̃ normal closure of L/K,

G = Gal(L̃/K), G′ = Gal(L̃/L),

G/G′ left cosets.

G acts on G/G′ : g · hG′ = (gh)G′

λ : G →֒ Sym(G/G′) ≃ Sn.

Theorem (Greither-Pareigis) There is a one-to-one correspondence between

the set of isomorphism classes of Hopf Galois structures (H,µ) on L/K and

the set of regular subgroups N of Sym(G/G′) normalized by λ(G).

The isomorphism class of N will then be called type of the Hopf Galois structure.

If N is a regular subgroup of Sym(G/G′) normalized by λ(G), the corresponding
Hopf Galois structure (H,µ) is

H = L̃[N ]G, µ obtained from η · x = η−1(1G)(x), for η ∈ N, x ∈ L̃.



Theorem. (Childs, Byott) Let G be a finite group, G′ ⊂ G a subgroup and

λ : G →֒ Sym(G/G′) the morphism given by the action of G on the left

cosets G/G′. Let N be a group of order [G : G′] with identity element 1N .
Then there is a bijection between

N = {α : N →֒ Sym(G/G′) such that α(N) is regular}

and

G = {β : G →֒ Sym(N) such that β(G′) is the stabilizer of 1N}

Under this bijection, if α, α′ ∈ N correspond to β, β′ ∈ G, respectively, then
α(N) = α′(N) if and only if β(G) and β′(G) are conjugate by an element of

Aut(N); if α ∈ N corresponds to β ∈ G, then α(N) is normalized by λ(G)
if and only if β(G) normalizes λ(N).

The normalizer of λ(N) in Sym(N) is equal to ρ(N) ·Aut(N) and is isomorphic
to Hol(N) := N ⋊ AutN , the holomorph of N .



Hopf Galois structures of abelian type.

Theorem 1. A separable field extension of degree pn, with p a prime num-

ber, n ≥ 3, p > n, has at most one abelian type of Hopf Galois structures.

Theorem 1 generalizes Caranti, Childs and Featherstonhaugh (2012).

Lemma 1.1. Let G be a subgroup of Hol(N), for N a group of order pn.
Then G is transitive if and only if Sylp(G) is transitive.

Lemma 1.2. Let N be an abelian group of order pn, p > n, G a transitive

subgroup of Hol(N), of order |G| = pm, m ≥ n.
We consider the surjective map

π : G→ N, (a, ϕ) 7→ a.

If π(a, ϕ) = a, then

ap
k
= eN ⇔ (a, ϕ)p

k
∈ StabHol(N)(eN).



Proof of Theorem 1.

Let L/K be a separable field extension, [L : K] = pn, L̃ normal closure of L/K,

G = Gal(L̃/K), G′ = Gal(L̃/L).

Assume that L/K has a Hopf Galois structure of abelian type N . Then

β : G→ Hol(N), with β(G′) = StabHol(N)(eN).

By Lemma 1.1, we may assume that the order of G is a p-power.

π : Hol(N) = N ⋊ Aut(N) → N.

The composition π ◦ β is surjective and, for x ∈ G, Lemma 1.2 gives

xp
k
∈ G′ ⇔ (π ◦ β)(x)p

k
= eN .



Idea of the proof of Lemma 1.2

For (a, ϕ), (b, ψ) ∈ Hol(N) = N ⋊ Aut(N), (a, ϕ)(b, ψ) = (aϕ(b), ϕψ).

For (a, ϕ) ∈ Hol(N),

(a, ϕ)ℓ = ((Id+ϕ + · · · + ϕℓ−1)(a), ϕℓ) (1)

γ : G→ Aut(N) is a group morphism. Assume (a, ϕ) ∈ G.

δ := − Id +ϕ ∈ End(N). For b ∈ N , δ(b) = b−1ϕ(b) = [b, ϕ−1] ∈ [N, γ(G)].
Then δn = 0 ∈ End(N).

Write (1) in terms of δ with ℓ = p:

(a, ϕ)p = ((p Id+

(
p

2

)
δ + · · · +

(
p

n

)
δn−1)(a), ϕp).

If a has order p in N , (p Id+
(
p
2

)
δ+ · · ·+

(
p
n

)
δn−1)(a) = eN , which gives (a, ϕ)

p ∈
StabHol(N)(eN).



Remark. Condition p > n in Theorem 1 is necessary. For example,

a Galois extension with Galois group C9 × C3 × C3 has Hopf Galois structures
of types C2

9 and C4
3 ;

a Galois extension with Galois group C4
3 has Hopf Galois structures of type

C9 × C3 × C3.



Hopf Galois structures of nonabelian type.

Let N be a group of order pn such that [N,N ] has order p. We put [N,N ] = 〈c〉.

N/[N,N ] = ⊕s
i=1〈bi〉, π : N → N/[N,N ], βi ∈ π−1(bi).

βiβjβ
−1
i β−1

j = ck, k ∈ Z ⇒ (βiβj)
p = βpi β

p
j .

Define an abelian group A of order pn, such that A has the same number of
elements of order pm as N , for 1 ≤ m ≤ n.

If ord(βi) = ord(bi), ∀i = 1, . . . , s, A := ⊕s
i=1〈αi〉⊕〈d〉, ord(αi) = ord(βi), ord(d) = p,

If ∃i0 : ord(βi0) = p ord(bi0), A := ⊕s
i=1〈αi〉, ord(αi) = ord(βi). Define d := α

ord(αi0)/p

i0
.

A/〈d〉 ≃ N/[N,N ]



Theorem 2. Let N and A be groups of order pn as above. If a separable

field extension of degree pn has a Hopf Galois structure of type N , then it

has a Hopf Galois structure of type A.

Proof. We define automorphisms ϕi, 1 ≤ i ≤ s, of A by

ϕi(d) = d, ϕi(αj) = dk/2αj if βiβjβ
−1
i = ckβj, 0 ≤ k < p.

N ′ := 〈{(αi, ϕi)}1≤i≤s ∪ {d}〉.

N ′ is a regular subgroup of Hol(A) isomorphic to N .

A ⊂ NorHol(A)(N
′)

The bijection f : A→ N, dr
∏
αrii 7→ cr

∏
βrii induces a group monomorphism

f̃ : AutN → AutA, χ 7→ χ̃ := f−1 ◦ χ ◦ f.

f̃(AutN) ⊂ NorHol(A)(N
′).

|NorHol(A)(N
′)| = |Hol(N ′)|



Examples. Theorem 2 may be applied for instance to the following pairs of
groups.

1) N = Cpn−1 ⋊ Cp, A = Cpn−1 × Cp, for n ≥ 3;

2) N = 〈a, b : ap
n
= 1, bp

n
= 1, bab−1 = a1+p

n−1
〉, A = Cpn × Cpn, for n ≥ 2;

3) N = 〈a, b, c : ap
n
= 1, bp = 1, cp = 1, bab−1 = a, cac−1 = a, cbc−1 =

bap
n−1

〉, A = Cpn × Cp × Cp, for n ≥ 2;

4) N = 〈a, b, c : ap
n
= 1, bp = 1, cp = 1, bab−1 = a, cac−1 = a1+p

n−1
, cbc−1 =

b〉, A = Cpn × Cp × Cp, for n ≥ 2;

5) N = 〈a, b, c : ap
n
= 1, bp = 1, cp = 1, bab−1 = a, cac−1 = ab, cbc−1 = b〉, A =

Cpn × Cp × Cp, for n ≥ 2.



Remark. The condition |[N,N ]| = p in Theorem 2 is necessary. The groups

N := 〈a, b, c : ap
2
= 1, bp = 1, cp = 1, bab−1 = a1+p, cac−1 = ab, cbc−1 = b〉,

A := Cp2 × Cp × Cp

have the same number of elements of order p2, namely p4 − p3, but

[N,N ] = 〈ap, b〉

has order p2.

For p = 5, we have checked with Magma that Hol(A) has regular subgroups
isomorphic to N but the order of their normalizers in Hol(A) is not equal to the
order of Hol(N).


